The role of binomial type sequences in determination identities 

for Bell polynomials 

Miloud Mihoubi 

U.S.T.H.B., Faculty of Mathematics, 
B.P. 32, El-Alia, 16111, Bab Ezzouar, 
Algiers, Algeria. 

June 20, 2008 



Abstract. Our paper deals about identities involving Bell polynomials. Some identities on 
Bell polynomials derived using generating function and successive derivatives of binomial type 
sequences. We give some relations between Bell polynomials and binomial type sequences in 
first part, and, we generalize the results obtained in [4] in second part. 
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1 Introduction 

Recall that the (exponential) partial Bell polynomials B n> ^ (x±, x 2 , ••) are defined by their generating 
function: 



n=k \m=l / 



(1) 

and the (exponential) complete Bell polynomials A n (xi, x^-, ■■) are given by 

n 

A„(xi,X2,..) :=y\B w ,fc (xi,x 2 ,... ) with A (x 1 ,x 2 , ■■) := 1- 
k=\ 

Comtet [3] studies the Bell polynomials and gives some basic properties for them. Some applications 
of Bell polynomials are given by Riordan [5] in combinatorial analysis and by S. Roman [6] in umbral 
calculus. Recently, by using the Lagrange inversion formula (LIF), Abbas and Bouroubi [1] give some 
identities for the partial Bell polynomials, and, Mihoubi [4] also gives some extensions involving to the 
partial and complete Bell polynomials. For any sequence (x n ; n > 1) with x± = 1 and any natural numbers 



1 
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r, s, recall that Proposition 4 in [4] gives: 



/ ms ff((r + l)(m-l) + s, r(m-l) + s) \ 
Bn ' k B (S ' S) ' r(m-l) + S ( (r + i)( m -i )+s) > - ( 2 ) 

\ \ J < { r(m-l)+s ) J 

sk B ((r + l)(n-k) + sk, r (n - k) + sk) 



,kjr(n-k) + sk /(r+l)(n-fc)+ s fc\ 

v 7 v ' \ r(n-k)+sk J 

where B (n, fc) := i?„ !fc (xi, a; 2 , ^3, ■••) ■ 

Then if we put 

, _ fn\ sk B ((r + 1) (n — k) + sk, r(n-k)+sk) 

} \k) r{n-k)+sk /(r+l)(n-fc)+ fl fcx ' W 

we conclude, from that the sequence (F(n, fc)) satisfies the equation: 

B n>k (Y (1, 1) , y (2, 1) , Y (3, 1) , ...) = y (n, fc) . (4) 

In general, from the definition (TTJ) , if we put ip (t) = V] x m — - and y (n, fe) = hDf_ Q (ip (t)) , then for 

m=i m! 

all integers n, fc, with n > fc > 1, the sequence (y (n, k)) satisfies Hence, to find identities for the 

partial Bell polynomials, it suffices to find sequences (Y (n,k)) satisfy the equation Q. 

Similarly to the partial Bell polynomials, for any sequence (x n ;n > 1) with X\ = 1 and any natural 

numbers r,s (r > 1) , another relation for the complete Bell polynomials is given by Proposition 8 in [4] 

by: 

I sB(r + l, r) s B((r+l)n, nr)\ s B ((r + l)n + s, nr + s) 

n \ r(r + l) '■■■'^ i^+TM J = nr + s 7FkKm\ 

\ V nr / / V nr+s / 

where i? (n, fe) : = B„,fc a3 2! x 3 , ...) , 

and if we put 

1 g((r + l)n + s, nr + a) 

z( "' s):= ^T^ fFK5^5j • 

V nr+s / 

we conclude, from ([5]), that the sequence (Z (n, s)) satisfies the equation: 



A n {sZ (1, 0) , sZ (2, 0),...,sZ (n, 0)) = sZ (n, s) . (7) 

Hence, to find identities for the complete Bell polynomials, it suffices to find sequences (Z (n,s)) satisfy 
the equation |J7J|. Therefore, to determine solutions for ((4]) and {7J), we exploit the strong connection 
between Bell polynomials and binomial type sequences. For any binomial type sequence (/„ (x)) , with 
/o (x) := 1, one of such connections is given in [6, p. 82] by 

n , 
/„ (x) = ^B„,t (xi,x 2 , ■■■)x k with x n = — f n (x)\ x=0 . (8) 
fc=i 

On the basis of the results obtained in [4] and the relation |8"]). we derive in this paper some interesting 
identities and relations related Bell polynomials and binomial type sequences. 

For the next of this paper, we will denote by D t f (t) , Dff(t), D t=x f (t) or Df (x) and D 3 t=x f (t) , 
respectively, for the derivative of /, the j — th derivative of /, the derivative of / evaluated at t = x, and 
the j — th derivative of / evaluated at t = x. 
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2 Main results 

For the next of this work, for any sequence (/„ (x)) of binomial type with /o (x) — 1 and for a given real 
number a, we define 

x 

f n (x; a) := ■ — /„ (an + x) with f (x; a) = 1. (9) 

an + x 

The sequence (/„ (x; a)) is of binomial type, see [4] . 
To simplify any expression below we put 

T = T (n, k) := r (n — k) + sk, R = R (n, s) := nr + s 
and (/„ (a;)) denotes a sequence of binomial type with /o (a;) = 1. 

The two following theorems give some interesting relations between Bell polynomials and binomial type 
sequences. These relations are used to deduce several identities for partial and complete Bell polynomials 
as it is illustrated below. To prove these theorems, we use the following Lemma: 

Lemma 1 Let n, k be integers with n > k > 1 and a, a be a real numbers. We have 

B ntk (a, 2D Z=0 {e az h (x + z; a)) , ...,mD z=0 (e QZ /m-i (kx + z; a)) , ...) (10) 
\D h z=Q (e az f n ^ k (kx + z;a)). 

This identity can be replaced when a = by 

B n ,k (Ac/i (x;a) , ...,D x f m (x;a) , ...) = ^jL>^ =0 /„ {kx + z;a). (11) 

Theorem 2 Let a, x, a be real numbers and n, k, r, s be natural numbers with n > k > 1 and r + s > 1. 
Then the sequence 

Y (», k) := Q ^Df =0 (e Q 7«- fc (Tx + z; a)) (12) 
satisfies |7]). For a = the sequence {Y (n, fe)) can &e replaced by 

Y(n ' k) " fc! (T + n - k)\ Y D *= ofT+n - k {TX + Z]a) - (13) 
For r = s = 0, we put Y {n, k) := (tyfn-k { x l a ) ■ 

Theorem 3 Let a, x, a be real numbers and n, r, s be natural numbers with n > 1, r > 1. Then for a =/= 
the sequence 

Z(n,s) := ±l D to(e az fn(Rx + z;aj) (14) 



satisfies ([?]), and ('case a = 0) the sequence 



z (n ' s) := WiW S (hT^ D * =ofR+n {Rx + z; a) (15) 



satisfies ^j. 
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More generally, Theorem [5] can be generalized as follows: 

Theorem 4 Let (o„; n > 1) be a real sequence; n, k, r, s, u, v be natural numbers with n > k > 1, r+s > 1 
and x, a, a, (3, A 6e reaZ numbers. Then the sequence 

Y(n,k) := ( n \Y Tl -Y, B ^(ai,a 2 ,...)DZ + ^l XT {e az f n ^(z;a)}^ (16) 

satisfies O). For a = i/ie above sequence can be replaced by 

Y(n,k) := — — T!> B j:T {ai,a 2 , ...) „ - r^— rr, r (17) 

fc! J yyu + v)l + n — k)\ j\ 

where h = [^rpl for u > 1, h = oc /or tt = and [x] is i/ie largest integer < x. 

More generally, Theorem [3] can be generalized as follows: 

Theorem 5 Let (a n ;n > 1) fee a reaZ sequence, n,r, s,u,v be natural numbers with r > 1 and a, a, /3, A 
6e reaZ numbers. Then for i/ie sequence 

Z (n, s) := />',/■• (ox, 02, ...) ^? Ail {e°»/ B (z; a)} ^ (18) 

x 1 



with 7 :— a v ip (xa u ) and ip (x) := — 



i=i 



satisfies For a — i/ie above sequence can be replaced by 

Z{n,s)-.= —-\ 13^(0,1,0,2,. ..) f (19) 

7 -r [n+(u + v)R)\ j\ 

j ai x{Dh{Q)T +v ifu>l ... ^ x* 

where g := [^] for u > 1, and, g = oo for u = 0. 

Remark 6 For a n = (n > 2) in Theorem^ we obtain Theorem^ 
For a n — (n > 2) in Theorem [3| we obtain Theorem^ 
For x = a = in Theorem^ we obtain Corollary 5 in [4]. 
For x = a = in Theorem [3] we gef Corollary 9 in [4] . 

From {UP i/ie sequence Y\ (n, k) := lima _T y (n, fe) satisfies and gives Proposition 1 in [4], and 

a— >0 

similarly, from {1$ the sequence Z\ (n, s) := lima~ nr Z (n, s) satisfies and gives Proposition 3 in [4] . 
By using and (0) we can construct several binomial type polynomials as 



Pn (t):=tYY(n,k){bn + t) k \ {p (t) := 1) , 



\fc-i 

: yn, k ) yon -t- r 

fc=i 

where (Y (n, k)) is given by U3\) or {Jj|). 
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3 Applications 

We give in this section another versions of Theorems [3] and we present some particular cases of the 
above results. 

3.1 Some applications of Theorem [2] 

The following corollaries gives a practical version of Theorem [2] 

Corollary 7 Under the hypothesis of Theorem^ the sequence 

n\ sk x-^ / 1 



3=0 



Y(n,k) := M-^l. )Dl =Tx f n - k (z;a)a^ (20) 



satisfies |7]). 

Proof. From fll2[) . we have 
Y(n,k) 



(*) fE Q *U («"") DUU- k (Tx + z\ a) 



n \ sh 



~k /rp\ / 1 \ T — j 



We conclude noticing that Y\ (n, fc) :— a T Y (n, k) satisfies (QJ. ■ 
Example 8 For f n (x) = x n the sequence (Y (n, fc)) in i20\) becomes 



fc / T ^Vi/ {n-k-j) 
and for a = 0, a = 1 i/ie ?as< sequence becomes 

'n\ sk ^-^ f n — k\ (Tx) 7 



The following corollary gives a practical version of Theorem [2] when a = 0. 
Corollary 9 Under the hypothesis of Theorem i/ie sequence 

(:) ( T * T g ( T r + - 1 > <T + - - T + ** <2i) 



(((r + 1) c - 6) j + 6 (n - fc) + csfc) (6 (n - fc) + csfc) 



T+j-l 
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satisfies |7]) ; and in particular the sequence 



T ,/ ,n sk/n\/T + n — k\ 1 . . 

Y ^ k ) ■ =f J „ , >< ( 22 ) 



T \k J \ n — k 
£ ( T p_ ~ *) B (T + n - k, T + j) (T + n - k) j x 3 



satisfies |7J), where B n ^ (x\, X2, £3, ..) :=B(n,k). 

Proof. Let (x n ;n > 1) be a sequence of real numbers. From (fT3f . it suffices to express Y (n,k) by 
considering the binomial type sequence 



f n (x; a) := x^Bn^ (xi,x 2 , ■■■) (an + x) k 1 with f (x) = 1, (23) 
fe=i 



put after b := ra + rx + a, c := x + a. To obtain ([22]) . it suffices to choice b = (r + 1) c, c = x in (|2~lj) . 
To obtain (|22|) . it suffices to choice 6 = (r + 1) c, c = .t in (|2Tj) . ■ 

Example 10 By using the well-known identity B n j~ (1,2,3, ...) = (^)fc™~ fc , if x n = n, the sequence given 
by (22]) becomes 

y («.*)- i (TT^g ( T ; : ; V ^ <r + - - t)j f • 

and 6?/ using the well-known identity B n ^ (1!, 2!, 3!, ...) = (^) p^jTj -^ a ^ numbers), if x n = n!, £/ie 

sequence given by (22]) becomes 

More applications can be constructed by choosing in (21]) or (22]) x n as 1, n/ n _i (y,a) , D x f n (x; a) . 

n 

Example 11 For r = 0, s = 1, a = and /„ (x) := B n (x) — J2 ( n )S(n,j) in fifflj), with S (n,j) are 

3=1 3 

the Stirling numbers of the second kind, we obtain: 

(xB m+ i (am + x) — (x 2 + amx — am) B m (am + x) \ 
1,— j : ~2 ! — 
(am + x) J 

n—k j\ 
— kx^^ ( J S (n,l + k) (an + kx) 1 . 
1=0 ^ ' 

n 

For r = 0, s = 1, a = and f n (x) := [x] n = ^2 s (n, j) x 3 in (13]) . where s (n, j) are the Stirling numbers 
of the first kind, we obtain: 

Bn, k (l, [am + x- l] m _ 1 [m - "g^f^l) , . 

n—k 

kx Y, ( t )« («, i + *) (an + fcx)^ 1 . 
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For r = 0, s = 1, a = and f n (x) := [x] n = ^ \s (n, j)\ x 3 in U5\) , where \s(n,j)\ are the absolute 
Stirling numbers of the first kind, we obtain: 

u ( i r ip-i I am + i \ \ 

B nt k I 1, [am + x - 1J m - ) a 



am + i + x 

i—l j 



n — k /-^ j\ 

kx'^^i J \s {n, I + k)\ (an + kx) 1 1 



3.2 Some applications of Theorem [3] 

The following corollaries gives a practical version of Theorem [3] 
Corollary 12 Under the hypothesis of Theorem^ the sequence 

Z («> s ) : = |E ) ^=*» /» ^ «) " j ( 24 ) 

satisfies 

Proof. From (114[) we have 

Z(n,s) = ^^f =0 (e z /"/„(i?x + z;a)) 



|EQ)^=o {fn{Rx + z-a))^ 



nr 



3=0 

We conclude noticing that Z\ (n, s) :— a nr Y (n, k) satisfies (U]). ■ 
Example 13 For f n (x) = x n and r > 1 the sequence given by {21$ becomes 



1 v — ^ / ti! ^ ™ i . 

Z(n,s) = — > — (Rx + an) (Rx + ai)a 

and for a = 0, x = 1, ifte /asi sequence becomes 



Rfri\iJ (n-i)< 

Corollary 14 Under the hypothesis of Theorem^ the sequence 

-In 



1 1 /R + n\ s^fR + j - V 

(cn + bs) 3 ^ 1 {((r + 1) b - c) j + cn + bs} 
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satisfies and in particular the sequence 

, s 1 1 /R + n\~ 1 J\/R+ j - 1\ , . 

z( "' s) : 'WKWA » ) g( «-i )* (26) 

B(R + n,R + j) (R + n) j x j 
satisfies (?]), where B n ^ (x\, x<i, X3, ..) := B (n, k) . 

Proof. Let (x n ',n > 1) be a sequence of real numbers. From (TT5|) . it suffices to express Z (n,s) by 
considering the binomial type sequence defined in (|23|) . put after 6 = a + 2, c = a + ar + xr. To obtain 
(|2"6")l . it suffices to choice 6 = (r + 1) c, c = x in (|23|) . ■ 

Example 15 = n, i/ie sequence given by i26\) becomes 



3 

and if x n = n\, the sequence given by \2b}) becomes 



(R + n-iy.^fn\ (R + nY _ ; 



, yil -r /t - i-;: 



3.3 Some applications of Theorem [4] 

Some particular cases of Theorem U are given by the following corollaries: 
Corollary 16 Under the hypothesis of Theorem^ and v > u the sequences 

K(n,t) : =(^§f 1 Qo j Sf + xTi'" ,, U-kM)^y T -'. (27) 

«(-*) = -gfiQ ^rr/*''^ -' (28) 

Proof. Let ai = p, a2 = 2g and a m — for m > 3. To obtain (|2T[> it suffices to replace the identity 
Bj,T (p, 2g, 0, 0, ...) = {? T )p 2T - j q>- T in fl2) and in flEJ. ■ 

Some particular cases of (12"5)) are given by: 
For r = u = 0, u = loru = i; = r = 0in (I27|) . the sequences 



^(n,*) : =(jE( Sfc )^ + A t r/n- fc (^)}^/- 3 , (29) 

: -Hg^^^W^^- (30) 

F 3 (n,fc) : = Q^^/ n - fc (/3i + Afc;a)^j/ sfe ^ (31) 
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satisfy and if s = 1 the last sequences give 

B n ,k {ay, m (ayf m -i (A; a) + xD z=/3 f m ^i (z; a)) , ...) (32) 

) E D "=o {«"/«-* - X)j + Xk + z; a)} x^y k ~\ 
j=o 



k 

n 1 



B n ,k ((x + y) Dfi (0) , ...,yD z =\f n (z;a) + xD z=/3 f n {z;a) , ...) (33) 



hf2(YI D z=ofn{(0-X)j + Xk + z; 



3=0 



a)x J y k j 



B n ,k (y + x, ...,m(yf m -i (A; a) + xf m -i (/3;a)) , ...) (34) 



k 



/./El • )fn-k{{f3-X)j + Xk;a)vy 

' 3=0 

Example 17 For f n (x)—x n , a = and u = or 1 m f,27| ) i/ie sequences 

sk ( n\ v— ^ /T 



n(n,fc) = E ( + * T- V and 



(n - fc - j)! 



3=0 

satisfy and for f n (x) — x n , a — 0, u = or 1, a n = n in Theorem^ the sequences 



Y 3 (n,k) = s ±(^f^(aT + (3j) n - k ^and 



3=0 

Yi (n,k) = |^g^-^ (a r + /3jr fe -(T^ 

An interesting relation between Bell polynomials and Appell polynomials can be viewed as a special 
case of Theorem 2] and it is given by: 

Corollary 18 For the sequence of polynomials {A n (x, y, z)) defined by 

A n (x,y, z) :=^2()aj ((x + y) j + x + y + z) (xj + yn + x + y + z)™ -1 ^ 
3=0 ^ 

we have 

B n ,k (Aq (x, y, z),.., mAm-i (x, y, z) , ...) (35) 
= E(") S ^ fc ( a o,2ai,3a 2 , •■■) (Jx + ny + kz) n ~ 3 ~ l {{x + y) j + kz) , 
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and in particular when x = y = we get 



B n ,k (A (z) , „.,m4-i i z ) i ■■■) = y^f • )-%k (oo, — ,ma m -i, ...) (fcz)™ J , (36) 

n 

where A n (z) := ^ ( n ^ajZ n ^ J is an Appell polynomial. 

Proof. If suffices to use (fT?]) with x = 1, r = u = 0, s = u = 1, f n (x; a) := a (an + x) n ~ and replace 
a„ by na n -i. m 

Example 19 For any sequence (ip n ; n > 1) /or reaZ numbers, let I n be the identity matrix of order n and 
(A n ) be the sequence of matrices defined by: Aq := 1, A n := (dij) for 1 < i, j < n with ay = <fj_ i+1 if 
j > ai,i— i = i — 1 and By = otherwise. Then from [7, p. 110] and /rom ilffo]) we gei: 

S„ )fe (1, ..,mdet (A m -i + xl m -x) , ..) = ^ ( . J B j,k (1, -,mdet An-ii ■■) (kx) n ~ 3 . 

3.4 Some applications of Theorem H] 

A particular case of Theorem [5] is given by the following corollary: 
Corollary 20 Under the hypothesis of Theorem^ and v > u the sequences 



L_J- (*) l££? Afl {e«/„ (z; a)}xiy R -i and (37) 



Z\ (n, s) 



2( ' j ' 7S*MiJ (n+( U + ,)i?)! X2/ ^ 



n\ ^fR\ D j z= + pj+\Rfn+(u+v)R ( z ; a ) 



satisfy ^fjj, where r ) 1 := a v (xa u + y) and 7 2 



(x + y)(Df 1 (0)) v ifu>\ 
y(Dh(0)) v ifu = 



Proof. It suffices to put in Theorem [S] x = 1; ai — p, a 2 = 2g and a m = for m > 3 and use the 
identity B 3 , R (p, 2q, 0, 0, ...) = { 3 R R )p 2R ~ 3 q 3 ~ R ■ ■ 

Example 21 For /„ (x) — x n , a = and u = or 1 i/ie sequence given by {37jj becomes 
Z x (n, s) = (x + y y s ±£ (/3j + ai?)" x^y R ^ and 

^ <•••») - t±^y.( B ;)w+<>xr-'*' 

satisfy and for f n (x) = x n , a — 0, x = 1, u = or 1, a„ = nt n ~ x the sequence given by U9\) becomes 

1 n fn\ 

Z z (n, s) = I " j (/3j + aR) n ~ j R j t 3 and 

3=0 

~ , \ exp(-sx)^ n (Rx) 3 
Zi(n,s) = — 2^(/3j +aR) — — . 



The role of binomial type sequences in determination identities for Bell polynomials 



11 



4 Proof of the main results 

oo 

Proof of Lemma 1. Let F (t; a) x := 1 + ^2 fn {%> a ) ^r- Now, because /„ (x; a) is a polynomial of 

n=l 

degree n, then the proof follows from the following expansions: 

5>* =0 (e°-/ B (fcr + z; a)) — - = J^j—^D^ ( e °«/«-fc (*s + z; a)) - 
' n! (n — k)! n! 

n=0 n=fc v y 



and 



■~ j.n+k l — 

£)l>* = o (fee + z; a)) — - = ^=o e Q2 ^/ rl (fee + z; a) 



f" 



n=0 



— n k 



(e az F{t-a) kx+z t k ) 
t k F(t;a) kx D* =0 U<*+*nt;a))S 

t k F{t;a) kx (a + lnF(t;a)) fe 
t k e -akx ^ e ap ( t . a ^x ln ^. fl))) i 

t fc e -ate {Dx ^ F{t . a )Y) k 

(°° j.m \ 

Y,e~ aX D x (e ax f m (x;a))—\ 
m=0 ' / 

(oo 
J2me~ ax D x (e ax f m ^(x;a))- 
m=l ""'/ 
oo „ 

k\J2B n ,k (a, me- ax D x (e ax f m ^ (x; a) , ...)) - 



k 



Then by identification we get 

B n>k (a, 2e~ ax D x (e ax h (x; a)) , ...,mD x (i; a))) = Q ^ fc =0 (e ttz /n-fc (kx + z; a)) . 

To obtain (jTDJ) , it suffices to remark that for m > 1 we have 

e~ ax D x (e ax f m (x; a)) = D z=0 (e az f m (x + z; a)) . 
The identity (|10[) can be written when a = as 

B„, fc (0, ...,mfl z= o/m-i (fea: + z; a) , ...) = ^^Z>J =0 /„_ fc (kx + z; a) 
which is equivalent to 

B n ,k (D x fi (x;a) , ...,D x f m (x;a) , ...) = -^D k =Q f n (kx + z;a). 
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Proof of Theorem [2} When we replace x„ by ax n in @ and we use the well-known identities 

B n ,k (axi,ax2,ctX3... ) = a k B rhk (xi, x 2 , x 3 , ...) (39) 
and 5„, fc (ail, a 2 x 2 , a 3 x 3 ...) = ot n B n<h (xi, X2,x 3 , ...) , (40) 

it results that the identity ([2]) remains true for xi ^ 1. Then for r + s > 1 and for the choice x„ = 
nD z= o (e az f n -i (x + z; a)) in ([2|), the identity (fTU|) proves that the sequence (Y(n,k)) given by ((3]) 
becomes 

n\skfT + n — k\ 1 



= (jj-yl ^ ) B T+n _ k . T (a, ...,mD z=0 (e QZ /m-i (z + z;a)) , ...) 



-^{e-Zn.^Ti + ija)}, 

For the particular case a = 0, if we take x„ = -D z= o (/« (a; + J/; a)) in @ and we use the identity (fTTI) , 
the sequence (y (n, fc)) given by ([3]) becomes 

*>,*0 = (f\'t( T+ T k ) B T+n _ ktT {D z = {e™h{x + z;a)),...) 

Dz=ofT+n-k (Tx + z;a). 



kj T \ T 
n\ sk 1 



k\ T (T + n — k)V 

Note that for the case r — s = 0, the sequence (Y (n, k)) given by (fT2")) is not defined. We put in this case 
Y (n,k) — m/n-fc (x;a). Proposition 1 in [4] proves that this sequence satisfies Q. ■ 

Proof of Theorem [3l Case Let x„ = ^D z=0 {e az f n -i (x + z; a)} . We have X\ = 1 and then 

by using the identity (|10p. the sequence (Z (n, s)) given by © becomes 

Z(n,s) = — f n J R ( a : ■■■,mD z=a (e QZ / m _i (x + z;a)) , ...) 



= 4?i^=o(e QZ /«(i?x + ^;a)). 

Or ti 

Case a = : Let x„ = Z? x /„ (x; a) /D x f\ (x; a) . Now because D x /x (x) = xDfi (0) we get D x f\ (x; a) = 
(3^/1 (x + afj = Dfi (0) =/= 0. We have xi = 1 and then by using the identity (fTTj) . the sequence 
(Z (n, s)) given by (JH]) becomes 

1 (R + n^ 1 B R+n ^ R (D 2=0 (A (x + z; a)) , D z=0 (f m (x + z; a)) , ...) 

(£>*/! (x;a)) R 



Z (n, s) 

V ' ' R\ R 



1 In' 

r-Df=o/i?+ri(fca; + ^;a)- 



(DhiO)) 11 R{R + n)\' 
Note that if Z (n, s) satisfies then A"Z (n, s) satisfies (J7J)- ■ 

Proof of Theorem [4j Let (a n ;n > 1) be a real sequences; u, v be a natural numbers and we put 

oo 

F (t) x := 1+ £ /„ (*) § with / (x) := 1. 

71=1 
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For F (n, fc) := £ B j>k (a u a 2 , . . .) Di% vk {e az f n (0j + \k + z; a)} f we have 



j>k 



4-ri+k j.n 

J2F(n,k)— = ^-|^( fll ,a 2 ,...)CfK7»(ft- + ^|:;«)}^ 



n>0 



n>0 \j>k 

t k y^B jjk (ai,a 2 , . 



j>k 



= ^y^Bj.k (ai,ffl2, ■ 
i>fc 

= t fc ^Bj,fc(ai,a 2 ,. 

i>fc 

= t k y^^Bj t k (01,02, . 

i>fc 

= ^^B-j.k (ai,ffl2, . 
i>fe 

3>k 



~ E^" KVn + Afc + z; a)} L 



— — Z)' 



ju+vk ) o az 
z=0 



t 

E-f" + Afc + z; a) 



n>0 



^ST* {e« z (J? (i; a )) /3j+Afe+z } 



^ (F (t; a)) /3j+Afc ^+" fc {e QZ F (t; a) z } 



X - (F (t; a)) W+A,s (a + InF (i; a)) 3 "^ 



fc! 
fc! 



fc! 
fc! 



fc! 

t* 
fc! 

1 
fc! 



E< 

. m > 1 



E (*; «)' 3m+A (^=o {e az (F (t; a)) z )) 
E a m ^ m =o + " (t; a) /3m+A+z ) 



mu+v 



. m>l 



m! 



E a m E C ™=o +,; ( ^ (/Sm + A + z; a) 

,m>l j">0 



E^ E a ™^ m =o + " (e°Vj (Pm + X + z; a)) X 

U>0^'m>l 



P 



ml 



E^'7 



K 3>0 



VJ>1 J ' 



n>k 
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where u m = a m (F (t; a)f m+X (a + \nF(t; a)) mu+v = a m F (t; af m+X (D z=0 (e ttz (F (t; a)) z )) mu+v (m > 1) 
and v m = a m D^ v [e az f 3 ((3m + X + z;a))^Q = F (m, 1) (to > 0) . Then, we obtain 

m>l 

B, hk (F (0,1),..., jF{j- 1,1),... ) = k\(^F(n-k,k) 
and this means that the sequence 

X (», k) := k\ Q Y, B 1* ° 2 ' ■ ■ ') D i= + o Vk { e ° Z fn-k W + Xk + z; a)} j (41) 

satisfies (|4]). To obtain l|16p . it suffices to take x n = X (n, 1) in ([2]), where (X (n, fc)) is the sequence given 
by (|4Tj) . Indeed, the sequence given by ([3]) becomes 

n\ sk I T + n — 1 



Y(n,k) = [ k )Y{ T I B T+n-k,T(X(l,l),X(2,l),...) 



n\ sk (T + n — fc x 1 



kj T V T 

n 



X(T + n-k, T) 



f T!^^, T (ax, aa, ■ • ■) Dil+ vT {e a *f n . k (J3j + XT + z; a)} |, 

For the particular case a — and it > 1 we remark that X (n, 1) = for u + u > n — 1 and then the 
identity (|4"Tj) becomes 

B„, fe I + « + M), + « + 2,1) I =X(n,fc) (42) 



or, equivalently, by using the well-known identity 



B ni k (0, 0, a r+ i, a r+2 , ■ •■) — -, 7TrB n - r k,k 



n\ f ai+r i\a,i+ r 



(n-rfc)! ' V(! + r )! {i + r)\ 
Setting X* (n, k) := n\X (n + (u + v) k, k) / (n + (u + v) k)\, the identity (gSJ) becomes 

B n . h (X*(l,l),X* (2,1),...) =X*(n,k) 

To obtain (fT7|) it suffices to take x„ = X* (n, 1) in @. Indeed 

fn\ sk fT + n — k\ 1 
Y(n,k) = M-(^ T J S T+n _ fc , T (X*(l,l),X*(2,l),...) 

n\ sk f T + n — k^ 1 



k T \ T 



X*{T + n-k, T) 

!sfc TI^R C„ n ^ f p« 2 A"+")T+n-fc (A? + AT + z; a) \ x> 

IT ^ \ ((u + v)T + n-k)\ j! 



n 

k\ T 
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Proof of Theorem \5[ For a ^ it suffices to put in (JSJ) x n = X (n, 1) jX (1, 1) , where (X (n, k)) is 
the sequence given by (|4Tj) . We have 

r.3 w — * T.3 



xi=X (1, 1) = J2 a 3 a3U+V — = a *V 0"*") with V ( x ) : = J2 a i~- 
The sequence (Z (n, s)) given by (|6|) becomes 



3>1 J>1 



1 1 fR + n^ 1 



Z(n,s) = =■- n X(iZ + n,iZ) 

(X(1,1)) R #\ ^ 



(a>(a;a«)) K 

For a = it suffices to put in x n = X* (n, 1) /X* (1, 1) , where (X* (n, fc)) is the sequence given by 
(??). We have 



X 



A(u + ^ + 1,1) = J a r x (Dfi (0)) u+v if u > 1 
1 ' j (u + » + !)! 1 {Df x (0)) v tp(x) i£u = 



The sequence (Z (n, s)) given by © becomes 



1 1 (R + n> 1 



z ( n > 5 ) = ~ 5 d( d ) x*(R + n,R) 



(X*(l,l)) H R\ R 
W^*h^ ° l (»+(« + «)*)! J7! 
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